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Jeans instability in partially ionized self-gravitating dusty plasmas
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By employing the Boltzmann distributions for electrons and ions and by retaining the full dynamics of
charged dust and neutral fluids, we derive a dispersion law for coupled dust-acoustic and neutral sound waves
in partially ionized self-gravitating dusty plasmas. This dispersion law exhibits new classes of Jeans instability
in both collisionless and highly collisional regimes. The result should help understand the origin of molecular
cloud collapse in interstellar space.
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I. INTRODUCTION AND MODEL

Partially ionized self-gravitating dusty plasmas are co
posed of electrons, ions, charged dust grains, and neu
They are frequently found in interstellar molecular cloud
supernovae, stars and planetary nebulas, and cometary
and comas, where micron-sized dust grains, surrounde
partially ionized media and radiative environments, can
come highly charged. In astrophysical systems contain
massive charged dust grains, long-range gravitational
electromagnetic forces could be of equal importance
studying wave phenomena and instabilities@1–8#.

Previous studies@5–7# have shown that in dusty plasma
with stationary neutrals the criteria for the Jeans instabi
@9# involve the dust-acoustic velocity@10# in an unmagne-
tized self-gravitating plasma. However, in astrophysical
jects@11–15# the mass densities of neutrals and charged d
typically are comparable. Thus, it is of great interest to stu
the Jeans instability in a self-gravitating partially ioniz
dusty plasma, keeping the full dynamics of neutrals a
charged dust grains on an equal footing. On the relev
Jeans collapse scales, the friction between the two he
species is most important, since the lighter electrons and
are almost perfectly Boltzmann distributed and carry lit
inertia, but do provide pressure.

The model we investigate is a collisional dusty plas
consisting of electrons, ions, and charged and neutral
grains where collisions between the two dust species are
dominant ones, providing friction between the heavier co
ponents of the combined plasma. For electrostatic wa
with phase speeds much smaller than the thermal speed
the electrons and plasma ions, these can be treated as B
mann distributed:

na5na0 expS 2
qacE

kTa
D ~a5e,i !. ~1!

To describe the dynamics of the charged and neutral
particles we use the continuity equations

*Also at Department of Plasma Physics, Umea˚ University,
S-90187 Umea˚, Sweden.
1063-651X/2003/68~2!/027402~4!/$20.00 68 0274
-
ls.
,
ails
by
-
g

nd
n

y

-
st
y

d
nt
vy
ns

a
st
he
-

es
of

ltz-

st

]na

]t
1

]

]x
~nava!50 ~a5d,n! ~2!

and the equations of motion
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1nnd~vn2vd!50. ~3!

Different species have densities, fluid velocities, charge,
mass, respectively, denoted byna , va , qa , and ma . The
species labela is e for electrons,i for ions,d for charged and
n for neutral dust. Thermal velocities arevTa , while ndn and
nnd are the collision frequencies between the charged
neutral dust, respectively, related throughmnnn0nnd
5mdnd0ndn . The electric potentialcE and the gravitational
potentialcG obey the Poisson equations

]2cE

]x2
5

1

«0
~nee2nie2ndqd!,

]2cG

]x2
54pG~mdnd1mnnn!, ~4!

which close the set of basic equations.

II. DISPERSION LAW

Assuming perturbations proportional to exp@ikx2ivt#, we
obtain after linearizing Eqs.~1!–~4! the dispersion law
©2003 The American Physical Society02-1
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@v~v1 indn!2k2vTd
2 2k2cda

2 1vJd
2 #FvS v1 indn

vJd
2

vJn
2 D

2k2vTn
2 1vJn

2 G5FvJdvJn2 ivndn

vJd

vJn
G2

. ~5!

Here lDa
2 5«0kTa /na0qa

2 , vpa
2 5na0qa

2/«0ma , and vJa
2

54pGna0ma are, respectively, the squares of the Deb
length, the plasma, and the Jeans frequencies of speciea.
We have also introduced the global plasma Debye lengthlD

throughlD
225lDe

221lDi
22 and the dust-acoustic velocitycda

5lDvpd . The form of Eq.~5! clearly shows that the dust
acoustic and neutral sound waves are coupled, due to
tion, in a complicated fashion. Analysis of the dispersion l
will exhibit significant modifications of the Jeans instabili
in a partially ionized dusty plasma, the generic features
which will be confirmed by the rootlocus approach@16#.

When substitutingv5 iV in dispersion law~5!, we obtain
a quartic equation with real coefficients, viz.,

V41AV21B1
ndn~vJd

2 1vJn
2 !

vJn
2

V@V22C#50, ~6!

where

A5k2~cda
2 1vTd

2 1vTn
2 !2vJd

2 2vJn
2 ,

B5k4~cda
2 1vTd

2 !vTn
2 2k2~cda

2 1vTd
2 !vJn

2 2k2vTn
2 vJd

2 ,

C5vJd
2 1vJn

2 2k2
~cda

2 1vTd
2 !vJd

2 1vTn
2 vJn

2

vJd
2 1vJn

2
. ~7!

Sincendn /vJn
2 5nnd /vJd

2 , we could use either expression
Eq. ~6!, from which we also note that

V41AV21B50 ~8!

corresponds to the collisionless dispersion law. The discri
nant of this biquadratic equation can be shown to be stri
positive, implying that both rootsV2, viz., r 1 and r 2, are
real and different. The roots are numbered such thatr 1
.r 2, and the strict inequality is a consequence of our i
plicit ansatz, that both charged and neutral dust have non
densities. Otherwise, we revert to fully ionized dusty pla
mas, dealt with before@5,6,8#, or to plasmas without charge
dust at all.

In the case of friction between light plasma ions a
heavy charged dust~in the absence of neutrals! an easy sepa
ration between the roots was possible owing to the va
different frequency domains@8#. Here, on the other hand,
is not a priori possible to tell whetherr 1 refers primarily to
the charged or to the neutral dust mode, as that will dep
on their relative mass densities occurring in the Jeans
quencies.

SinceA52(r 11r 2), B5r 1 r 2, andC can change sign, i
is necessary to determine the criticalk values where this
occurs:
02740
e

ic-

f

i-
ly

-
ro
-

ly

d
e-

kA
25

vJd
2 1vJn

2

cda
2 1vTd

2 1vTn
2

,

kB
25

vJd
2

cda
2 1vTd

2
1

vJn
2

vTn
2

,

kC
2 5

~vJd
2 1vJn

2 !2

~cda
2 1vTd

2 !vJd
2 1vTn

2 vJn
2

. ~9!

It is clear that the dust-neutral collisions exert a differe
influence in wave number regions separated by the crit
valueskA , kB , andkC , ordered such thatkA,kC,kB . Con-
sequently, there are four regions in parameter space
shown in Table I. The behavior ofA andB is of importance
for the collisionless part of Eq.~6!, whereasC comes in
when the collision frequency is nonzero.

Before going on, however, we make some additional
marks concerning the collisionless dispersion law~8!, which
has one stable and one unstable root inV2 ~or in v2) for
B,0, viz. in regions I, II, and III. In region IV, whereA
.0 and B.0, both rootsr 1 and r 2 are negative, which
means two positive roots forv2, and hence there is no in
stability. Furthermore, if we identifyx5k2 and y5V2, it
can readily be ascertained that Eq.~8! corresponds to a hy
perbola. Atx5k250, the corresponding values fory5V2

are 0 andvJd
2 1vJn

2 . The tangentT in (0,vJd
2 1vJn

2 ) to this
hyperbola is given by

k2

kC
2 1

V2

vJd
2 1vJn

2
51, ~10!

and not only connects the points (0,vJd
2 1vJn

2 ) and (kC
2 ,0)

but also represents the relationV25C. Hence, r 1 is the
branch of the hyperbola lying aboveT and going through
k250, V25vJd

2 1vJn
2 . Then the lower branch throughk2

5V250 is r 2, lying completely belowT. Both are shown in
Fig. 1. For all realk2 we find thatr 2<0, whereasr 1.0 for
0<k2,kB

2 ~corresponding to regions I, II, and III!, and r 1

,0 for k2.kB
2 ~region IV!. Thus,r 2 corresponds inv2 to a

stable root, whereasr 1 is unstable~in v2) in 0<k2,kB
2 .

III. STABILITY AND INSTABILITY

We now rewrite Eq.~6! in the compact form

~V22r 1!~V22r 2!1 ñV~V22C!50 ~11!

TABLE I. Classification for different wave number regions.

k kA kC kB

A 2 0 1 1 1 1 1

B 2 2 2 2 2 0 1

C 1 1 1 0 2 2 2

Case I II III IV
2-2
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in terms of ñ5ndn(vJd
2 1vJn

2 )/vJn
2 , a normalized dust-

neutral collision frequency. As Eq.~11! is of the form
D(V)1 ñN(V)50, whereD(V) andN(V) are polynomi-
als with real coefficients andñ is a real and positive param
eter, it can be analyzed using the semianalytical rootlo
method@16#. Such a plot sketches the evolution of the roo
of Eq. ~11! in the complex frequency plane, as the norm
ized collision frequencyñ increases from zero to infinity
Consequently, a rootlocus plot will start in the roots of t
collisionless dispersion law~8!, represented by crosses in th
figures. On the other hand, the mathematical limitñ→` cor-
responds to the trivial solutionsV50 andV56AC. These
represent the end points of the loci and are depicted
circles. Evidently, extremely large values of the collision fr
quency are not physically relevant, but are mathematic
needed for the proper construction of the rootlocus plots.
rootloci plots have been computed in terms ofV, but were
afterwards rotated counterclockwise over 90°, in order
connect the horizontal axis with real values ofv so that the

FIG. 1. Plot of the branchesr 1 and r 2 of the hyperbola repre-
senting the collisionless dispersion law Eq.~8!, whereas the tangen
T is the plot ofV25C.

FIG. 2. Typical rootlocus plot for region II, with wave numbe
kA,k,kC . The crosses and circles correspond to the poles
zeros, respectively, ofV(V22C)/(V22r 1)(V22r 2), whereas the
arrows are directed towards increasing collision frequencies.
02740
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figures can readily be interpreted. Examples will be given
Figs. 2 and 3, discussed in more detail below.

The general features of rootlocus plots@8,16# allow us to
determine some of the important features of the figures
fortlessly. For instance, the figures will be symmetrical w
respect to the vertical axis. Moreover, intervals on the ve
cal axis that belong entirely to the plot can be immediat
recognized for each of the wave number regions. In t
manner, one can see that wave number region IV is stable
we knew already, whereas the other regions remain unsta
regardless of the value of the collision frequency. Additio
ally, the evolution of the growth rate of the unstable mode
visualized for all regions. Lastly, the asymptotic behavior

the plots, i.e., forñ→0 and ñ→` can be readily sketched
for each wave number region.

Since the rootlocus plots starting from6ur 2u1/2 leave the
real axis in a perpendicular direction downward, this in
cates that Rev will initially show little change compared to
its value in the absence of charged-neutral collisions. Ho
ever, there quickly occurs increasing damping. At larger c
lision frequencies, the real part of the wave frequency is a
affected.

We also remark that Eq.~11! has no purely imaginary
solutions~in V) for nonzero, finite values of the collision
frequency, and thus a general form of the rootlocus plot
be obtained for each of the unstable wave number region
II, and III. For that we need to compare the absolute val
of r 1 , r 2, andC in the different regions, shown in Table I
The rootlocus plots can be constructed in analogy with
discussion of the influence of ion-dust collisions in a du
plasma without neutrals@8#.

To fix the ideas, rootlocus plots have been computed
vJd.vJn andcda.10vTn , and Fig. 2 depicts the qualitativ

TABLE II. Ordering in different regions.

Region Ordering

I ur 2u,r 1 and 0,C,r 1

II 0 ,C,r 1,ur 2u
III uCu,ur 2u and r 1,ur 2u
IV ur 1u,uCu,ur 2u

d

FIG. 3. Typical rootlocus plot corresponding to region III wit
wave numberskC,k,kB .
2-3
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behavior of the evolution of the rootloci for region II. Fo
region I, the rootlocus plot~not shown! has a similar behav
ior, but the ordering betweenr 1 and r 2 is reversed, andr 1
.C, so that the growth rate of the unstable mode is har
influenced. Going to higher wave numbers, viz.,kC,k,kB
~region III!, the qualitative form of the rootlocus plot
changes and is depicted in Fig. 3. The rootlocus plots for
stable wave number region IV can have different forms
are not given here, since they relate to stable waves.

We conclude that for the unstable wave number regio
the growth rate of the unstable mode clearly diminishes
increasing collision frequencies, whereas the stable zero
quency mode becomes increasingly damped. The remai
stable frequency modes are damped while their real
quency reduces.

IV. CONCLUSIONS

In summary, we have presented an investigation of
Jeans instability in a self-gravitating dusty plasma, accou
ing for the charged and neutral dust fluid dynamics on
equal footing. We have obtained a dispersion law that exh
its the linear coupling between the dust-acoustic and neu
sound wave in a nontrivial fashion.

Consideration of the neutral fluid dynamics significan
affects the growth rate of the Jeans instability. As a powe
and generic alternative to a numerical evaluation of the
persion to see the interplay between the Jeans modes
dusty plasma and in a neutral fluid, we have used the r
02740
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locus method to illustrate qualitatively how the real fr
quency and damping decrement of these Jeans modes ch
over the spectrum of collision frequencies. We have th
shown that the growth rate of the unstable zero freque
mode diminishes at increasing collision frequencies, wher
the stable counterpart becomes increasingly damped. On
other hand, the remaining stable frequency modes
damped while their real frequency is reduced. Charge-neu
friction thus makes the unstable mode grow slower but c
not stabilize it, while previously stable modes becom
damped.

In conclusion, the results of our investigations should
useful in understanding the collapse of molecular clouds
interstellar space, which are composed of electrons and i
and of charged dust grains in the presence of a sizeable
tion of neutrals. For the self-gravitational aspects of this c
lapse it is the friction between the two heavy species tha
most important. On the relevant collapse scales, the lig
electrons and ions carry little inertia and cannot contrib
much to friction, but they do provide pressure.
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